We study the quantum transport through two specific atomtronic circuits: a Y-junction and a ring-shaped condensate pierced by an effective magnetic flux. We demonstrate that for bosons, the two circuits display Andreev-like reflections. For the Y-junction, the transport depends on the coupling strength of the Y-junction. For the ring-shaped configuration, the transport crucially depends on the particle statistics. For interacting bosons, in particular, we find that the Aharonov-Bohm interference effect of the flux are absent. By breaking the translational invariance of the ring, the flux dependence is restored. A complementary view of the problem is obtained through a specific non-equilibrium quench protocol. We find that the steady-state is independent of the flux, however the actual time-dynamics depends on the flux. We compare the dynamics of the full closed system with an approximated open system approach. For all the protocols we studied, we find striking differences in the dynamics of the Bose-Hubbard model and the Gross-Pitaevskii equation.
I. INTRODUCTION
Atomtronics seeks to realize circuits of cold-atoms guided with laser light beams or magnetic means [1] [2] [3] . Key aspects of this emerging field in quantum technology are the chargeneutrality and the coherence properties of the fluid flowing in the circuits, the bosonic/fermionic statistics that carriers may have, the tunable particle-particle interaction, the versatility of the operating conditions of the circuit elements both in shape and time. In this way, atomtronic circuits import the reduced decoherence, flexibility and controllability of cold atoms quantum technology to define new quantum devices and simulators exploiting the properties of coherent atomic matter waves [4] . A clearly interesting domain in which atomtronics can play an important role is provided by mesoscopic physics [5] [6] [7] . Important chapters of the field like persistent currents in mesoscopic normal or superconducting rings, transport through quantum dots and more complex heterostructures could be taken as inspiration and explored with a new twist. With this logic, ring-shaped condensates interrupted by one or several weak links and pierced by an effective magnetic flux [8] , have been studied: the Atomtronic Quantum Interference Device (AQUID) in analogy with the SQUIDs of mesoscopic superconductivity [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In this context, the single impurity problem for mesoscopic ring condensates was demonstrated to be characterized by an unexpected and non trivial behaviour [21, 22] . Persistent currents have been also studied to address the vortex configuration in a mesoscopic circuit made of two two coupled ring condensates [23] .
In this paper we study Andreev scattering and the Aharonov-Bohm effect in specific atomtronic circuits. These effects have been of defining importance for the understanding of quantum transport in mesoscopic structures. Andreev scattering is inherent in the transport in heterostructures of quantum electronics: Because of the pairing interaction, when one electron propagates from a normal to a superconducting material, one hole, instead of an electron, is reflected back to the normal lead. Aharonov-Bohm oscillations were extensively studied both in normal and superconducting mesoscopic circuits: An electronic fluid confined to a ring-shaped wire pierced by a magnetic flux is the typical configuration employed to study the Aharonov-Bohm effect. In this way, a matter-wave interferometer is realized: The current through the ring-shaped quantum system displays characteristic oscillations depending on the imparted magnetic flux [24] [25] [26] [27] . Neutral particles with magnetic moments display similar interference effects [28] .
In the last few years cold atoms technologies allowed to explore quantum transport with enhanced flexibility and control of the system. The source to drain dynamics through cold atom systems was pioneered by the Esslinger group [29] [30] [31] [32] .
Andreev-like reflections can manifest themselves at the interface of two bosonic condensates: If the density wave excitation in a one-dimensional condensate is transmitted from the first to second condensate, a hole (an excitation with negative amplitude) is reflected back into the first condensate [33] [34] [35] [36] . The Aharonov-Bohm effect in bosonic condensates has been studied very recently: A Bose-Einstein condensate propagating out of equilibrium from source to drain along a mesoscopic ring-shaped laser light potential, pierced by an effective magnetic flux. It was found that the system experiences a subtle crossover between physical regimes dominated by pronounced interference patterns and others in which the Aharonov-Bohm effect is effectively washed out [37] .
Here, we study the Andreev-like scattering and the Aharonov-Bohm effect in Bose condensates in two specific atomtronic circuit elements: a Y-junction and a ring condensate attached to leads. In this paper, the leads are modelled through finite length bosonic lattice chains. We study the dynamics of the propagation of an incoming 'bump' in the den-sity created in the source lead through both Y-junction and ring-shaped lattices. We analize how the device properties, atom-atom interaction and initial conditions affect the time evolution, the transmission and reflection coefficients of the atomtronic networks. For the same setups, we study the transport dynamics induced by a suitable quench protocol.
The paper is outlined as follows. In Sect.II, we detail on the configuration and protocol we employ to study the atomtronic circuits we deal with. In Sect. III and Sect. IV, both the propagation of density and quench dynamics are reported for the Y-junction and Aharonov-Bohm matter-wave interferometer respectively. Sect.V is devoted to the discussion of the results. For the analysis, we employ the Density Matrix Renormalization Group (DMRG) and the Lindblad master equation (as detailed in the Appendix). For comparison with the bosonic case, the transport dynamics of fermions is discussed in Appendix.
II. MODELS AND PROTOCOLS
We consider two setups: A Y-junction, and a lead-ring system. A sketch of both systems is presented in Fig.1 . We model atomtronic circuits with the Bose-Hubbard model.
FIG. 1. Sketch of the two configurations a)
Y-junction and b) ringlead. The red dots denote sites, the black links tunneling between sites. J is the tunneling strength inside leads and ring. K is the coupling between different leads and ring. U denotes the on-site interaction and Φ the flux of the ring. We study excitations on top of a atom condensate. An excitation incoming through the source lead is transmitted and reflected by the Y-junction and the ring.
Y-junction-The Y-junction is a system consisting of three one-dimensional chains, which are coupled together at a single point. Such systems have been proposed and realized experimentally [38] [39] [40] . The Hamiltonian for the Y-junction is H S + H D + H I , with the source lead Hamiltonian (analogue for the two drain leads)
whereŝ j andŝ † j are the annihilation and creation operator at site j in the source (drain) leads,n s j =ŝ † jŝ j is the particle number operator, J is the intra-lead hopping, L S the number of source lead sites and U is the on-site interaction between particles. The two drain leads have similar Hamiltonians, with length L D and respective operatorsd j andf j . For bosons, the annihilation and creation operators commute:
The coupling Hamiltonian between the source lead and the two drain leads is
where K is the coupling strength between source and drain leads.
Leads-ring-To study the Aharonov-Bohm effect, we introduce a ring system. It is coupled to two leads (source and drain) symmetrically at two opposite sites of the ring. The ring-lead Hamiltonian is H R +H S +H D +H I . The ring Hamiltonian is
whereâ j andâ † j are the annihilation and creation operator at site j in the ring, L R the number of ring sites,n a j =â † jâ j is the particle number operator of the ring, J is the intra-ring hopping and Φ is the total flux through the ring. Periodic boundary conditions are applied: for the ring withâ † L =â † 0 . In the following, we set J = 1, and all values of U, K are given in units of J. The source and drain Hamiltonian are analogue to the Y-junction as defined in Eq.1. The coupling Hamiltonian between leads and ring is
where K is the coupling strength.
The current through the Y-junction is defined as
and for the current into the ring (source current) and from the ring into the drain (drain current)
We also consider the addition of impurities into the ring. We define this as a potential offset in Hamiltonian at two symmetric sites in the middle of the ring
where ∆ is the strength of the impurity. In the limit of very strong interaction U → ∞, only zero or one boson is allowed per site. This is the so called Hard-core boson limit. In a strictly one-dimensional system, it can be mapped to non-interacting fermions with the Jordan-Wigner transformation. In our quasi one-dimensional system as a ring-lead system or Y-junction, this mapping is not possible since it is not one-dimensional and the Jordan-Wigner transformation introduces non-local terms.
We also consider the Gross-Pitaevskii equation. It is a valid description of atoms In the limit of many particles and small interaction. There, we can replace the operators with com-
The result is a lattice version of the non-linear Gross-Pitaevskii equation (GPE). For example, the equation of motions for the source lead in the Y-junction are
with the non-linear interaction term g = UN p . The other equation of motions for ring or drains follow in a similar way. The sum of the absolute square of the wavefunctions is normalized to one. The Gross-Pitaevskii equation (GPE) describes the flow of a Bose-Einstein condensate in the limit of many particles and low interaction. In the limit of many lattice sites, the discretized GPE yields the same result as the continous version. In a continuous 1D system, the GPE is given by
where Ψ(x, t) is the condensate wavefunction, V(x) the potential, g the coefficient for the atom-atom interaction and A(x, t) the effective magnetic field. For a ring, we can relate it to the flux through a ring as introduced in the BHM model A = 2πΦ L , where L is the length of the ring. In the following, we assume that there is potential V(x) = 0 and the effective magnetic field is constant A(x) = const. For a wavefunction ansatz Ψ(x, t) = √ n(x, t)e iφ(x,t) , the GPE can be rewritten in terms of the density n(x, t) and the velocity of the condensate v(x, t) = −∂ x φ(x, t)
The first equation is the conservation of mass, while the second is a hydrodynamic equation with an additional term, which represents the "quantum pressure" (second equation, third term). For usual condensate, we can neglect the quantum pressure. Now, we expand the equation in terms of small excitations on top of the static condensate with n = n 0 + δn and v = v 0 + δv. We assume n 0 and v 0 is constant in space and and the density and phase variation δn, δv is very small. For the linearized equation of motion, we find that both δ n and δ v are decoupled dispersion-less wave equations
Excitation propagation-To study the propagation of a density excitation through our setups, we prepare the system in the ground state of the full Hamiltonian with initially a small local potential offset in the lead Hamiltonian. This will create a localized density bump in the source lead. We add the following Hamiltonian for the offset potential to the source Hamiltonian
where j 0 is the initial position of the excitation and σ is the width of the potential offset, which we set to σ = 2 unless specified otherwise. At the start of the time evolution the offset potential is instantaneously switched off. The density bump will propagate as an excitation in both positive and negative direction. In this paper, we are only interested in the forward direction, and disregard the excitation in backward direction.
Reservoir quench-In this configuration, all particles are loaded initially into the ground state of the uncoupled source lead without any potential offset. The ground state is obtained through DMRG (see below). The rest of the system is initially empty. Then, at the start of the time-evolution, the coupling terms with the rest of the circuits are suddenly switched on, and atoms start propagating into them. This is a highly nonequilibrium dynamic.
Transmission and reflection coefficients-We calculate the total density of the incoming wave by taking the first a sites of the source lead at a specific time t in when the density waves has entered this region, and subtracting from it the density at time t = 0 before the wave has entered the region
Here, n i (t) is the expectation value of the density at the i-th site of the system at time t. We find transmission coefficient by dividing the change in the drain density by the total density of the incoming wave (15) and the reflection coefficient as
In the following, all variables for coupling K or interaction U are given in units of the hopping strength J = 1.
III. PROPAGATION OF EXCITATIONS IN Y-JUNCTIONS
Linearized equations-First, we study the linearized equations of motion of the GPE in Eq.12. For a small excitation, they yield dispersion-less waves traveling with velocity c = √ gn 0 (without magnetic field). In general, the solution of the equations can be written as a non-dispersive wave, with δn = f (t − x c ), where f (y) is any function, x the position and t time. From the continuity equation, we can then derive the velocity of the condensate δv = c δn δn+n 0 . Next, we want to derive the transmission and reflection at the Y-junction (here A = 0, v 0 = 0). At the junction, we have the following components: incoming wave δn in , reflected wave δn r and the transmitted waves δn t in the two drain leads. Due to symmetry, the transmission into each drain wire is the same. We demand that at the junction of source and drain the density and velocity are the same
Also, the continuity equation has to be fulfilled at the junction of source and the two drains:
The factor two arises as we have two drain leads. Inserting the equations for density and velocity, we get
For small velocities and density excitations, we can approximate δv ≈ c δn n 0
. Then, by inserting the conditions, we find for the transmitted and reflected density (same for velocity δv)
The total transmission into the two arms of the Y-junction is then 2δn t = 4 3 δn in . The transmission and reflection can easily be generalized to a junction with N drains
Non-linear dynamics-Here we present our numerical results for the Y-junction. First, we concentrate of the limiting cases of infinitely strong on-site interaction with hard-core bosons in Fig.2 . (Spinless fermions in Fig.24 as a reference in the supplemental material).
The initial excitation in the source lead splits into two parts at t = 0. We ignore the backward propagating part of the wave. The forward moving part of the wave propagates from the source through the junction to the two drain leads. We find that the wave at the junction is both transmitted and reflected. For the reflection amplitude, we find three characteristic reflection regimes, which are controlled by the junction coupling K. First, we look at the reflection peak as seen in Fig.2e ) at time tJ = 27. In the strong coupling regime K = 1, we see a negative (Andreev-like) reflection amplitude peak. 
e) The propagation of the density excitation in time. The upper curves show the transmitted density wave into the drain lead (integrated between site 170 and 175), and the lower curves the incoming and reflected wave in the source lead (145 and 150). The background density is subtracted. For K = 1 (solid) we observe a negative reflection (Andreev-like), K = 0.5 (dashed) nearly no reflection, K = 0.2 (dots) a large positive reflection amplitude. The table below shows the transmission and reflection coefficients, calculated at t = 40/J with Eq.14-16 (t in = 15, a = 30).
For the intermediate coupling regime K ≈ 0.5 the back reflection amplitude is very small, and the reflected wave consists of a small, first positive and then negative part, of nearly equal weight.
Finally, for the weak coupling regime with K small, we find a large positive back-reflection and small transmission.
In the table below Fig.24 , we plot the total transmitted and reflected density at time t = 40/J (calculated using Eq.14-16). However, we find that the transmission and reflection coef-ficient can be different when calculated at longer times, at which the initial wave has already passed the junction. For example, at K = 0.5, we find that the reflected wave has nearly zero amplitude, and a very small reflection coefficient when it is calculate at t = 40/J. This is the contribution from the density wave. However, if the coefficient is calculated at later times, the reflection increases. This is caused by a small, longlived current from drain into source even after the wave has passed. This current contributes to the reflection coefficient when it is calculated for later times. However, this small current is related to an atom imbalance of source and drain due to our quenched potential offset, and could be eliminated by a static potential offset in the source. We avoid this complication by calculating the reflection coefficient at early times t = 40/J.
Next, we compare the behavior of hard-core bosons with spinless fermions. In Fig.3 , we plot the propagating density wave for transmission and reflection. For strong-coupling, hard-core bosons show a clear Andreev-reflection, while spinless fermions do not. We find that for weak coupling, hardcore bosons and spinless fermions produce nearly the same result. For Y-junction, the Jordan-Wigner transformation cannot map spinless fermions and hard-core bosons since there is no notion of ordering. For weak coupling, the one-dimensional source and drain chains become disconnected, effectively restoring the mapping.
Next, we relax the hard-core condition, and go to the BoseHubbard model with finite U. In Fig.4 , we plot the current and density excitation in time for different junction couplings K. We see that the transition from strong to weak coupling is different compared to the hard-core model. While strong and weak coupling limit behave similar, in the intermediate regime we find that the reflection amplitude in time has first a positive and then a negative part. Note that for finite U, the coupling K is renormalized [21] and transmission and reflection amplitude changes (e.g. for half-filling, for finite U, we find that K = 0.5 is the strong-coupling regime, while for U = ∞, it is the intermediate coupling regime).
Next, we investigate the effect of sign and amplitude height of the density excitation using the finite U Bose-Hubbard model. In Fig.5 , we plot both the density and the current for small and large initial potential offsets D with different signs. For small amplitudes, there is no significant difference in the propagation between positive and negative excitation amplitudes. The Andreev-like reflection has always opposite sign to the incoming wave (for an incoming negative wave, the Andreev reflection is positive). For larger amplitudes, we find that the speed of the wave depends on the amplitude. The speed increases from negative to positive amplitude. We can explain this with the relation between speed of sound c and density n 0 in a superfluid condensate ∝ √ n 0 , that the speed of sound increases with density. There are also small differences in the temporal shape of the transmitted and reflected waves. However, the overall dynamics and transmission/reflection properties remain unchanged independent of sign and amplitude. Now, we turn our attention towards the weakly-interacting regime with many atoms. This limit is described the GPE. The results are plotted in Fig.6 . For the GPE and strong coupling, we find similar dynamics with Andreev-reflection as in the Bose-Hubbard model. For small K we find similar oscillating behavior as seen in the intermediate regime: The reflection is a density wave with initial positive and then negative amplitude density. For smaller couplings K, the initial positive reflecting part of the wave gets larger and the negative part gets a smaller amplitude, however it becomes very broad in time. Even for very small K, the reflection wave shows this oscillating behavior of the intermediate regime. We do not find a purely positive reflection of a weak-coupling regime except for exactly K = 0. Thus, we conclude there is no weakly coupled regime in the GPE limit.
We find for the GPE that the transmission and reflection coefficient is independent of the coupling K as shown in the table below Fig.6 . We find that the values for any K corresponds to the ones we observed for strong coupling in the Bose-Hubbard model. Our numerical values match the analytic result of Eq.20 (-1/3 reflection, 4/3 transmission). This is in stark contrast to the Bose-Hubbard model, where total transmitted and reflected density depends on the junction coupling K.
Next, we study excitations with large amplitudes using the GPE. In Fig.7 , we plot a large positive excitation for different coupling strengths. We find that there are two reflections, one positive and one negative. The negative reflection moves slower than the positive one. The ratio between positive and negative reflection changes with coupling strength. For strong coupling, the negative dominates, while for weak coupling the positive reflection is larger. The positive reflection is reflected when the incoming wave arrives. However, the negative reflection has a delay, before it is reflected back. For small K, the negative reflection becomes broader, and also the reflection is delayed more.
In Fig.8 , we study large negative excitations with the GPE. We use an additional step to generate this excitation. We apply a phase shift of Π across the excitation. This will generate a gray soliton. The soliton is not completely stable, we observe that its speed increases over time as its density depression decreases. The transmission and reflection depends on coupling K. We find a critical K, below which the gray soliton is totally reflected. Above, the soliton is transmitted. For the transmitting case, we also observe a (positive) Andreev-like reflection. The behavior changes abruptly. Close to the critical coupling strength, the soliton has a residing time in the junction, before being either transmitted or reflected.
Quench of Y-junction In this subsection, we study a nonequilibrium quench where the atoms are initially loaded into the source, and then are released into the ring. We calculate the ground state of atoms in the source, without coupling to the rest of the system. Then, we suddenly switch on the coupling K at t = 0. We use two different approaches: First, we simulate the full Y-junction including leads through DMRG. In the second approach, we trace out the leads, and simulate the junction itself as open system coupled to a atom reservoir, driving the junction. The open system equations are presented in the supplemental material. We investigate the expectation value of the current through the junction (Eq.5) for different junction couplings K for the hard-core Bose-Hubbard model. The current for both numerical methods is plotted in Fig.9 . Both methods produce similar dynamics and steady-states. We find that the steady-state current does not change significantly by changing the junction coupling for K ≥ 0.5. However, we find that the oscillations in the dynamics are much smaller for K = 0.5 compared to K = 1. We think that such difference arises because of the probability that atoms, once injected from the source to the drain, have a probability to tunnel back that of course increase with the tunneling rate K.
In other words, for weaker junction couplings the dynamics in the drain dominates, and the atoms reaching the drain immediately propagate further into the drain because its dynamics is fast compared with the coupling. For smaller K = 0.2, both current and oscillations diminish greatly. In a,b) we choose a small density excitation amplitude by choosing a small initial potential offset D = ±0.1. We see that the Andreevlike reflection has opposite sign to the initial density excitation. Both positive and negative waves have symmetric profile. In c,d) we plot a larger D = ±0.5. We see that profiles become asymmetric, and the negative density wave is slower compared to the positive one.
IV. PROPAGATION OF EXCITATIONS THROUGH A RING
Now, we investigate the second configuration, the dynamics of a ring. Note that the interaction g renormalizes the coupling K between the chains, and the type of reflection changes depending on g. The velocity of the excitation also depends on g. The table below shows the transmission and reflection coefficients, calculated at t = 60/J with Eq.14-16 (t in = 15, a = 30). Linearized equations-First, we study the linearized equation Eq.12 of the GPE again, this time for a ring with magnetic field. When the magnetic field A and the phase offset v 0 coincide A = v 0 , this is the wave equation, describing the dispersion-less propagation with the speed of sound c = √ gn 0 . With A v 0 , the propagation of an excitation in forward and backward direction becomes asymmetric. For a generic wave δn = f (t ± x c ), we find that for |A − v 0 | √ gn 0 , the propagation velocity
For larger (A − v 0 ), an initial excitation will move in forward and backward direction with asymmetric amplitude as well as different velocity. The quantity (A − v 0 ) ∝ j is proportional to the persistent current j of the condensate. Thus, the difference in excitation velocity of forward and backward direction can be used to measure the persistent current of the condensate [41] . When two wavefunctions are added, we take the absolute square to get the density. The complex phase of the added wavefunctions can give to constructive or destructive interference. The flux in a closed loop influences the complex phase, giving rise to the Aharonov-Bohm effect. The linearized equation for the density does not have this property. Two real-valued density and velocity excitations are simply added up. There is no complex phase that is influenced by flux and therefore no Aharonov-Bohm effect. The effective magnetic field only influences the propagation velocity, however it does not cause any interference pattern. The full GPE equation shows indeed the Aharonov-Bohm effect for waves propagating in free space. However, for small excitations traveling on top of a condensate there is no Aharonov-Bohm effect.
Bose Hubbard dynamics in isolated ring circuit-First, we study the propagation of an excitation in a single ring without leads. The small excitation is created locally by a localized Gaussian potential in the ring, which is switched off at t = 0. The density excitation splits into two, and propagates in left and right winding direction around the ring. When these two waves meet at the opposite side of the ring, they interfere constructively, We find for hard-core bosons and spinless fermions in a ring without leads (they can be mapped exactly onto each other for odd number of particles, and for even number of particles the flux is transformed by Φ → Φ + 1/2) that the propagation of a small excitation is independent of flux, and they always interfere constructively and there is no Aharonov-Bohm effect (see Fig.10 ).
Next, we plot the propagation of an excitation in a ring for the Bose-Hubbard model with finite interaction. Here, we find a slight flux dependence. Close to half-flux, we find an increased dispersion of the propagating excitation. The flux dependence increases with smaller ring-size. The flux dependence is a finite-size effect of the ring, and vanishes in the limit of many ring sites.
However, it is known from past results that a ring attached to leads yields an Aharonov-Bohm effect. When the excitation is injected via leads for spinless fermions (as calculated by Büttiker et al. [25] ), there is destructive interference for at half-flux and the Aharonov-Bohm effect appears. However, in a plain ring without leads, we always find constructive interference. This shows that the interaction with the leads is critical to observe the Aharonov-Bohm effect.
Nonlinear source-to drain dynamics through AharonovBohm interferometer. Now, we attach two leads to the ring, symmetrically at opposite ends of the ring. We now study the propagation of a small excitation in this ring-lead system. To proof the difference of spinless fermion and hard-core bosons, we plot the reflected and transmitted density wave for zero and half-flux in Fig.12 . For zero flux, we find that the reflected density wave is different for fermions and bosons. For bosons, we find again the characteristic Andreev-like negative reflection peak as seen in the strongly coupled Y-junction. However, we do not observe them for fermions. The transmission and reflection for hard-core bosons are flux independent. For spinless fermions, there is a transmission for zero flux, while at half-flux we observe zero transmission due to AharonovBohm interference.
Next, we study the system with interacting bosons in more detail. We show the propagation of a small excitation in the ring-lead system with hard-core bosons in Fig.13 , for finite U Bose-Hubbard model in Fig.14 and for the GPE in strongly interacting regime, we find no flux dependence. Both transmission and reflection is independent of flux. However, the speed of excitation in the ring for hard-core and finite U Bose-Hubbard depends slightly on flux. For zero Φ = 0 and half flux Φ = 1/2, we find that the excitation velocity for left-and right winding excitation is the same, with a group velocity of c = 2J. However, for Φ = 0.25, the speed depends on the direction of the excitation. We estimate that at this value of flux the speed of the excitation is in forward and backward direction c ± ≈ 2J(1 ± 1/L R ). This effect is only observed when the excitation is initially prepared in the leads, and then propagates into the ring. The accrued temporal delay between left-and right winding excitation is independent of the length of the ring. However, it is very small and barely visible. We also find that the ground state density in the ring is slightly reduced compared to the leads for flux . Even for Φ = 1/2 the velocity is different in left-and right winding, which is in contrast to what we find for the Bose-Hubbard model. The BHM shows macroscopic phase coherence at half-flux, while the GPE as mean-field theory does not. We suspect that this causes the difference in velocity. Also, it is known that the GPE is not sufficient to describe interference scenarios for strongly interacting bosons [42, 43] , which may explain the difference between the models. Ring is between site 60 and 100, the coupling site to the source is at site 60, the coupling to the drain at site 80. Density is averaged over two neighboring sites to remove small density oscillation of the ground state. The flux in the ring is a)
The propagation of the density excitation in time. The upper curves show the transmitted density wave into the drain lead (integrated between site 110 and 115), and the lower curves the incoming and reflected wave in the source lead (45 and 50). The background density is subtracted. The last peak of the lower curve corresponds to a backreflection from the backward propagating part of the excitation. Now, we look at large excitations in the GPE. It supports solutions which are non-changing in shape, the solitons. For repulsive interaction, we find gray solitons as a moving density depression in Fig.16 amplitude of left-and right winding solitons in the ring. For zero flux, one final gray soliton is transmitted into the drain, while for non-zero flux, two separate gray solitons are transmitted. The grey solitons circulating inside the ring in leftand right winding direction have different amplitude and velocity for non-zero flux. As they reach the drain coupling at different times, the resulting transmission consists of two separate solitons. This is a strongly amplified effect compared to the direction dependency we observed earlier for small excitations in the ring. In the case of attractive interactions, we find non-dispersing wave packets for the GPE. These bright solitons are plotted in Fig.17 . We observe the typical Aharonov-Bohm effect in a ring for bright solitons, with characteristic interference patterns and no transmission at half-flux.
Dynamics through ring condensates interrupted by weak-links. In this subsection, we add two impurities symmetrically in the center upper and lower part of the ring. We define the additional part in the ring as an impurity Hamiltonian H R,impurity = ∆(n a L R /4 +n a 3L R /4 ). The result for the hardcore Bose-Hubbard model is plotted in Fig.18 . For Φ = 0, the impurities have only a negligible effect on the propagation of the excitation. However, we find that the two impurities restore the flux dependence of the system. For ∆ ≈ 1, the transmission into the drain is suppressed at Φ = 0.5. Here, the density wave that is transmitted into the ring has both positive and negative contribution, which nearly have the same amplitude. We find similar effects for both positive and negative ∆.
In Fig.19 , we increase the amplitude of the excited density wave by increasing the initial potential offset D , and we observe different flux behavior. We observe that for density excitations with large amplitude, the transmission becomes independent of of flux. We find that even with a higher potential barrier in the ring the behavior does not change.
In Fig.20 , we investigate the effect of potential barriers for the finite U Bose-Hubbard model and small density excitations. We find that the transmitted wave is dependent on flux for high enough barrier ∆. Due to the renormalization of potential barriers with on-site interaction U, higher values of ∆ = 3 are required compared to the hard-core model to observe the effect.
Quench dynamics through Ahranov-Bohm interferometer. In this subsection, we study the non-equilibrium quench dynamics of the ring-lead system. The atoms are initially loaded into the source, and then are released into the ring. We calculate the ground state of atoms in the source, without coupling to the rest of the system. Then, we suddenly switch on the coupling K at t = 0. We study the resulting dynamics of the density and the expectation value of the current from source to ring, and ring to drain (Eqs.6) for hard-core bosons in Fig.21 (Spinless fermions for reference in the supplemental materials in Fig.26 ). For hard-core bosons, we find that the dynamics of the current starts from zero, then increases over time, until its dynamics slows down. Source and drain current are initially very different, however they come closer over time. We assume that for longer times than we are able to calculate, source and drain current will converge towards a single steady-state. The drain current shows the biggest flux dependence. We find that the initial dynamics of the drain current is slower for half-flux. The dynamics is characterized by small oscillations, which decrease over time. The current at longer times depends only little on flux. So far, we simulated the full system including leads as a closed system. We found that with our methods we could not reach fully the steady-state of the quench dynamics. The reason for that is that for highly excited states the entanglement grows quickly in time, increasing the computation time drastically. However, we can reach the steady-state by using the open system method as introduced earlier in the open system part of section B or for the quench of the Y-junction in section III: We trace out the leads and simulate the dynamics of the interesting subsystem only (the ring).
We compare the results for the two methods for the ringlead system in Fig.22 . We find the initial dynamics as well as the slow dynamics towards the steady-state agrees well with the DMRG results. This is surprising since we used a very strong approximation, as we assume the Markovian baths have no memory and drive the system strongly out of equilibrium.
V. DISCUSSION
We studied the transport dynamics of density excitations created in a source lead through bosonic systems with two specific configuration: a Y-junction and a Aharonov-Bohm matter wave interferometer. We carried out a thorough analysis of the transmission and reflection of the density excitations in terms of the system parameters: particle-particle interaction and coupling between the leads and the systems. The dynamics is studied through Bose-Hubbard Model (BHM) Hamiltonian evolution and Gross-Pitaevskii Equation (GPE). The non-equilibrium dynamics is also studied by a quench protocol: The state is prepared as the ground state of the source lead; then, the density will evolve once the empty ring is put into contact with the leads.
-Y-junction. For a small density packet passing through a Y-junction, the dynamics governed by the BHM displays three different regimes of reflection governed by the lead-system coupling of the junction (Fig.2,4 ): For strong lead-system coupling, we find a clear Andreevlike reflection with negative density amplitude. For intermediate coupling, we find a reflection with both positive and negative contribution. And for weak coupling, we find only positive reflection (no Andreev scattering).
In such a small density packet, GPE (Fig.6 ) dynamics does not return any such coupling dependence of positive versus density reflection: for small excitations the total transmitted density is always 4/3 of the incoming density excitation and the reflected density is fixed to −1/3, independently of lead-system coupling strength. These numbers come from the linearized dynamics as in Eqs. (12), (20) . For large negative excitations of the GPE ('gray soliton' like), we find two regimes of leadsystem coupling. For strong coupling, we find Andreevlike reflections, while for weak coupling we find total reflection of the incoming excitation. The two regimes are separated by a critical value of the lead-system coupling. Close to the critical coupling, the gray soliton has a finite residing time in the junction. (Fig.8) . -Aharonov-Bohm matter wave interferometer. For a ring-lead system, we studied the dynamics in dependence of particle-particle interaction and AharonovBohm flux through the ring. For small excitations of interacting bosons in a simple ring without leads (hardcore, finite U and GPE), we find no Aharonov-Bohm interference effect (Fig.10,11) . Remarkably, for spinless fermions we find the same results, as they can be mapped to hard-core bosons with the Jordan-Wigner transformation. When leads are attached to the ring and the excitations are incoming via the leads, spinless fermions and hard-core bosons yield different results. While interacting bosons (hard-core, finite U and GPE) are independent of flux, spinless fermions show a clear Aharonov-Bohm effect (Fig.12 ). This feature shows that the leads play a crucial role for the Aharonov-Bohm interference. The translational symmetry can be broken in the ring by adding two impurity potentials symmetrical into the ring. For small excitations of the BHM, this introduces a flux dependence for the transmitted density (Fig.18, 20) . For the GPE, Eq.22 shows that the flux has a minor effect on the propagation velocity. The speed of sound becomes dependent on the direction of propagation in the ring. However, for small excitations this effect is small. For the GPE with large negative excitations (gray soliton), we find that the transmitted excitation depends on the flux. For non-zero flux, it splits into two parts as the velocity of the soliton depends strongly on the direction of propagation in the ring Fig. 16 . This effect could be used to measure the effective flux piercing the ring (in other words, the system can be used as a quantum detector for rotation). For a large positive excitations in a ring (bright soliton), we observe the Aharonov-Bohm interference effect (Fig.17) .
Although the quench dynamics is clearly of different nature compared to the transport dynamics of a density packet, we find that the results on the Aharonov-Bohm effect point to the same direction: any flux dependence vanish in the steady-state of the current (Fig.21, [37] ); the quench dynamics of the current itself, however is flux dependent. For both setups, we find that the approximated open system approach using Lindblad equations produces similar results as the exact treatment using DMRG (Fig.9,22 ). This is surprising since the open system neglects memory effects of the bath as well as assumes weak coupling of system and bath.
We believe that our results could be important for the actual detection of the Andreev scattering and Aharonov-Bohm effect in bosonic cold atom systems. These effects are expected to be instrumental for the realization of new quantum devices and sensors. This numeration has the disadvantage that there is a long-range interaction between the first (site 1) and last site (site 8). This long-range interaction inefficient within DMRG. On the right we show the same configuration, however with a different internal numeration, which is used in our simulations. We avoid long-range interaction by rearranging the links into nearest and next-nearest neighbor links.
Appendix B: Open systems
The methods so far presented calculate the full system including the leads. However, the interesting part of our system is usually only a small part of the full system, e.g. for the ringleads system, we are mainly interested in the dynamics of the ring only. Thus, we propose an approximation: We trace out the leads, and simulate the dynamics of the interesting subsystem only (e.g. the ring or the junction) [47, 48] . We model the bulk of the leads as Markovian baths, which are coupled to the relevant subsystem. The bath-system coupling is assumed to be weak and within the Born-Markov approximation. The resulting Lindblad master equation is then
L m the Lindblad operator which describes the action of the reservoir on subsystem, and [·, ·] ({·, ·}) is the commutator (anti-commutator). The Hamiltonian H now only includes the interesting part of our full system: In case of the ring system, we only keep the ring Hamiltonian and a single lead site of both source and drain, coupled to the ring with strength K. For the Y-junction, we keep two sites of each the source and drain leads. The effect of the rest of the leads is contained in the Lindblad operators. We parametrize the reservoir-lead interaction with the following Lindblad operators
withâ S (â D ) the annihilation operator acting on the single site of the source (drain), Γ the reservoir-lead coupling and r controls the strength of tunneling back into the source reservoir.
On the drain side, we assume that atoms can only tunnel into the drain bath, however not come back.
We follow the prescription of [49] to reduce the dimension of the Lindblad superoperator L. The size of the superoperator can be reduced when particle number conservation is broken only by the dissipation terms, and is conserved by the Hamiltonian. Then, certain terms of the density matrix are zero in the steady-state, and can be removed from the superoperator. The Master equation is solved with ∂ t ρ = Lρ.
Such a Lindblad formalism describes strong driving, which creates a non-equilibrium steady-state with a high temperature. It is suitable for quenches of the system.
Appendix C: Spinless fermions
In this section we provide results for the case of noninteracting spinless fermions as a reference. In Fig.24 we show the propagation of an excitation in a Y-junction. In Fig.25 we show the propagation of an excitation in a ring. Here, we find the regular Aharonov-Bohm effect, with destructive interference and no transmission at half-flux. In Fig.26 we show the quench of non-interacting fermions which are initially prepared in the source lead. The fermions expand through the ring to the drain lead. The dynamics heavily depends on flux. For half-flux the fermions cannot reach the drain due to destructive interference. 
